Abstract. The steady two-dimensional oblique stagnation-point flow of an electrically conducting micropolar fluid in the presence of a uniform external electromagnetic field (E 0 , H 0 ) is analyzed and some physical situations are examined. In particular, if E 0 vanishes, H 0 lies in the plane of the flow, with a direction not parallel to the boundary, and the induced magnetic field is neglected. It is proved that the oblique stagnationpoint flow exists if, and only if, the external magnetic field is parallel to the dividing streamline. In all cases it is shown that the governing nonlinear partial differential equations admit similarity solutions and the resulting ordinary differential problems are solved numerically. Finally, the behaviour of the flow near the boundary is analyzed; this depends on the three dimensionless material parameters, and also on the Hartmann number if H 0 is parallel to the dividing streamline.
Introduction
The micropolar fluids introduced by Eringen ([9] ) physically represent fluids consisting of rigid randomly oriented particles suspended in a viscous medium which have an intrinsic rotational micromotion (for example biological fluids in thin vessels, polymeric suspensions, slurries, colloidal fluids). Extensive reviews of the theory and its applications can be found in [10] and [20] . The aim of this paper is to study how the steady two dimensional oblique stagnation-point flow of an electrically conducting micropolar fluid is influenced by a uniform external electromagnetic field (E 0 , H 0 ). The motions we find depend upon how the applied electromagnetic field is oriented relative to the flat boundary. Oblique stagnation-point flow appears when a jet of fluid impinges obliquely on a rigid wall at an arbitrary angle of incidence. From a mathematical point of view, such a flow is obtained by combining orthogonal stagnation-point flow with a shear flow parallel to the wall. The steady two-dimensional oblique stagnation-point flow of a Newtonian fluid has been object of many investigations starting from the paper of Stuart in 1959 ([24] ). We refer to [28] and [8] for a review. The orthogonal plane and axially symmetric stagnation-point flow of a micropolar fluid have been treated by Guram and Smith ([17] ), who reduced the equations to dimensionless form, including three dimensionless parameters and integrated them numerically. Previously Ahmadi ( [1] ) obtained self-similar solutions of the boundary layer equations for micropolar flow imposing restrictive conditions on the material parameters which make the equations to contain only one parameter. This restrictive approach has been followed in [18] and [19] in order to study the oblique stagnation-point flow in the absence of an external electromagnetic field.
In this paper we extend the results of [3] about Newtonian fluids to incompressible homogeneous micropolar fluids assuming potential flow far from the boundary and prescribing the strict adherence condition on the flat plane boundary. First of all, we summarize the results of [3] concerning an inviscid fluid, and analyze three cases, which are significant from a physical point of view. In the first two cases, an external constant field, either electric or magnetic, is impressed parallel to the rigid wall. In both cases, we have found that an oblique stagnation-point flow exists, and we obtained the exact induced magnetic field. In the third case, we suppose that E 0 vanishes and H 0 lies in the plane of the flow, with a direction not parallel to the boundary. Under the hypothesis that the magnetic Reynolds number is small, we neglect the induced magnetic field, as it is customary in the literature. We have proved that the oblique stagnation-point flow exists if, and only if, H 0 is parallel to the dividing streamline.
Then we consider the same problems for a micropolar fluid, assuming that at infinity, the velocity v approaches the flow of an inviscid fluid for which the stagnation-point is shifted from the origin ( [8] , [26] , and [23] ), and the microrotation w is given by w = 1 2 ∇ × v, i.e. the micropolar fluid behaves like a classical fluid far from the wall. The coordinates of this stagnation-point contain two constants : A and B. A is determined as part of the solution of the orthogonal flow, and B is free. As far as the velocity and the microrotation are concerned, in the first two cases we find the same equations of the oblique stagnation-point flow in the absence of an electromagnetic field, while the induced magnetic field is obtained by direct integration. Hence, the external uniform electromagnetic field doesn't influence the flow, and modifies only the pressure p. Moreover ∇p has a constant component parallel to the wall proportional to B − A. This does not appear in the orthogonal stagnation-point flow. This component determines the displacement parallel to the boundary of the uniform shear flow. The flow is obtained for different values of B and of the material parameters by numerical integration using a finitedifferences method. We remark that the influence of the viscosity appears only in a layer lining the boundary whose thickness is larger than that in the orthogonal stagnation-point flow. Finally, in the more general case in which H 0 is parallel to the dividing streamline of the inviscid flow, we find that the flow has to satisfy an ordinary differential problem whose solution depend on H 0 through the Hartmann number M . The numerical integration is provided using a finite-differences method. In this case, A (and so the stagnation-point) depends on M and decreases as M is increased. Further, when the material parameters are fixed, the influence of the viscosity appears only in a layer near to the wall depending on M whose thickness decreases as M increases from zero. This is standard in magnetohydrodynamics. Some numerical examples and pictures are given in order to illustrate the effects due to the magnetic field.
The paper is organized in this way: In Section 2 we summarize the results in [3] for an inviscid fluid. Section 3 is devoted to treat the same physical problems for a micropolar fluid. Theorems 1, 2, 3 collect our results. Further, we study the behaviour of the flow near the wall. We show that it depends on the three dimensionless material parameters, and also on the Hartmann number in the third case. In Section 4, we numerically integrate the previous problems, and discuss some numerical results.
Inviscid Fluids
Consider the MHD steady plane stagnation-point flow of an inviscid, homogeneous, incompressible, electrically conducting fluid filling the region S, given by
The boundary of S is a rigid, fixed, non-electrically conducting wall.
The equations governing such a flow in the absence of external mechanical body forces are:
where v is the velocity field, p is the pressure, E and H are the electric and magnetic fields, respectively, ρ is the mass density (constant > 0), µ e is the magnetic permeability, σ e is the electrical conductivity (µ e , σ e = constants > 0). We assume the region
to be a vacuum (free space), and µ e equal to the magnetic permeability of free space.
To equations (2) we append the usual boundary condition for v:
Further, suppose that the tangential components of H and E are continuous through the plane x 2 = 0. We are interested in the oblique plane stagnation-point flow, so that
with a, b constants (a > 0). As known, the streamlines of such a flow are hyperbolas whose asymptotes have the equations:
with η e = 1 σ e µ e = electrical resistivity.
As far as the pressure field is concerned, from (2) 1 we get
where h is given by (6) and p 0 is the pressure in the stagnation point.
2.2. CASE II. 
Let the induced electromagnetic field (E i ≡ E, H i ) be in the form
We append the boundary conditions (5) .
In this case we proved in [3] that
2.3. CASE III. 
with ϑ fixed in (0, π). Under the hypothesis that the magnetic Reynolds number is small, we neglect the induced magnetic field, as it is customary in the literature. We proved that E = 0, and that the MHD oblique stagnation-point flow is possible if and only if H 0 is parallel to the dividing streamline, i.e.
Moreover the pressure field has the form
Remark 1. In order to study oblique stagnation-point flow for micropolar fluids, it is convenient to consider a more general flow. More precisely, we suppose the fluid obliquely impinging on the flat plane x 2 = A and
with A, B = positive constants.
In this way, the stagnation point is ( b a (B − A), A).
In this case, the streamlines are the hyperbolas whose asymptotes are
As it is easy to verify, in the absence of (E, H), the pressure field is given by:
We underline that under these new assumptions, all previous results continue to hold by
Micropolar fluids
Consider the steady two-dimensional oblique stagnation-point flow of an electrically conducting homogeneous incompressible micropolar fluid towards a flat surface coinciding with the plane x 2 = 0, the flow being confined to the region S. In the absence of external mechanical body forces and body couples, the MHD equations for such a fluid are ( [20] )
together with (2) 3 − (2) 6 , where w is the microrotation field, ν is the kinematic newtonian viscosity coefficient, ν r is the microrotation viscosity coefficient, λ, λ 0 (positive constants) are material parameters related to the coefficient of angular viscosity and I is the microinertia coefficient.
We notice that in [9] , [10] , eqs. (9) are slightly different, as they are deduced as a special case of much more general model of microfluids. For the details, we refer to [20] , p.23. As far as the boundary conditions are concerned, of course, we modify condition (3) and prescribe the appropriate boundary condition for the microrotation w, i.e.
v| x2=0 = 0, w| x2=0 = 0 (strict adherence condition).
Other boundary conditions are possible. We refer to Eringen ([9] , p.17-18) for a complete discussion. In our studies we will always assume the strict adherence condition. We search v, w in the following form
where f, g, F, G are unknown functions. The conditions (10) supply
Moreover, as is customary when studying the oblique plane stagnation-point flow for viscous fluids, we assume that at infinity, the flow approaches the flow of an inviscid fluid given by (8) ( [8] , [23] , and [26] ). Therefore, to (11) we must append also the following conditions
Conditions (13) In all the following cases, when we will refer to inviscid fluid, all results have to be modified by replacing x 1 , x 2 with x 1 − b a (B − A), x 2 − A respectively. In particular the asymptotic behaviour of f and g at infinity is related to the constants A, B, in the following way:
As we will see, A is determined as part of the solution of the orthogonal flow, while B is a free parameter. In order to study the influence of a uniform external electromagnetic field, we consider the three cases analyzed in the previous section.
CASE I-M.
By proceeding as for an inviscid fluid, from (2) 3 , (2) 4 and boundary conditions for electromagnetic field, we obtain E = E 0 e 3 and the induced magnetic field h(x 2 ) satisfies
If we regard f as a known function, we arrive at
As is easy to verify, the induced magnetic fields given by (16) and (6) have the same asymptotic behaviour at infinity ∼ − η e E 0 σ e a(x 2 − A)
.
In order to determine p, f, g, F, G we substitute (11) in (9) 1,3 . After some calculations, we arrive at
Then, by integrating (17) 3 , we find
where the function P (x 1 ) is determined supposing that, far from the wall, the pressure p has the same behaviour as for an inviscid electroconducting fluid, whose velocity is given by (8) . Therefore, since the induced electromagnetic fields given by (16), (6) have the same asymptotic behaviour, under the assumption F ∈ L 1 ([0, +∞)), by virtue of (13), (14), we get
Finally, the pressure field assumes the form
with p *
In consideration of (18), we obtain the ordinary differential system
To these equations we append the boundary conditions (12), (13) . We remark that the system (19) governs the oblique stagnation-point flow of an inert, electromagnetic micropolar fluid, as is easy to verify. In literature, such a flow has been studied in [18] , and [19] under restrictive assumptions upon the material parameters, and following a different approach. Guram and Smith ([17] ) for the orthogonal stagnation-point flow of a micropolar fluid.
Theorem 1. Let a homogeneous, incompressible, electrically conducting micropolar fluid occupy the region S. The steady MHD oblique plane stagnation-point flow of such a fluid has the following form when an external uniform electric field
where (f, g, F, G) satisfies the problem (19) , (12) , and (13) , provided F ∈ L 1 ([0, +∞)), and h(x 2 ) is given by (16) . Now we write the system (19) , together with the conditions (12) (13), in dimensionless form. To this end we put
So system (19) and equation (15) can be written as
where
The boundary conditions in dimensionless form become:
The last equation in (20) , if we regard φ as a known function, can be formally integrated to give
The remaining equations have to be integrated numerically.
Remark 3. Along the wall x 2 = 0, there are three important coordinates: the origin x 1 = 0 towards which the dividing streamline at infinity is pointed, the point x 1 = x p of maximum pressure, and the point x 1 = x s of zero tangential stress (zero skin friction) where the dividing streamline of equation
meets the boundary. In consideration of (18), we see that
and so x p does not depend on h.
The wall shear stress is given by
the position x s is obtained by putting τ = 0. Hence
We note that the ratio
is the same for all angles of incidence.
Finally, we recall that studying the small-η behaviour of
, the slope of the dividing streamline at the wall is given by: 
This ratio is independent of a and b, depending only upon the constant pressure gradient parallel to the boundary through B − A, as with Newtonian fluids ( [7] ).
CASE II-M.
By proceeding as one would with an inviscid fluid, from (2) 3 , (2) 4 and boundary conditions for electromagnetic field, we get
The integration of (26) leads to
so that
The pressure field, as is easy to verify, becomes
where (f, g, F, G) satisfies system (19) , together with boundary conditions (12) and (13) . Therefore, in this case as well, the uniform external electromagnetic field does not influence the flow.
Thus, we obtain the following: 
where (f, g, F, G) satisfies the problem (19) , (12) , and (13) , provided F ∈ L 1 ([0, +∞)), and h(x 2 ) is given by (27) .
In dimensionless form, h(x 2 ) becomes
Of course, remark 3 continues to hold in this case.
CASE III-M.
Taking into account the results obtained for an inviscid fluid, we assume
As in CASE III, for inviscid fluid, we deduce
Further, we neglect the induced magnetic field, replacing (9) 1 with
This approximation is motivated by physical arguments for MHD flow at small magnetic Reynolds numbers.
We substitute (11) into (30) to determine p, f, g, F, G. This yields
The integration of (31) 3 gives
where P (x 1 ) has to be found as in CASES I-M, II-M.
After some calculations, we obtain
with p ′ 0 constant. So the pressure field is:
The constant p * 0 represents the pressure at the stagnation point. Then, (31) 2 supplies
is the Hartmann number.
Of course (f, g, F, G) also satisfies the equations (19) 3,4 . We append boundary conditions (12) and (13) to the system in (33) and (19) 3,4 . We remark that, unlike the previous cases, the external electromagnetic field modifies the flow; if M = 0, then the system (33) and (19) 3,4 reduces to the system (19).
Theorem 3. Let a homogeneous, incompressible, electrically conducting micropolar fluid occupy the region S. If we impress the external magnetic field
and if we neglect the induced magnetic field, then the steady MHD oblique plane stagnationpoint flow of such a fluid has the form
where (f, g, F, G) satisfies problem (33), (19) 3,4 , (12) , and (13) , provided F ∈ L 1 ([0, +∞)).
In dimensionless form, we arrive at the following ordinary differential problem:
To system (34), we append boundary conditions (21) . Problem (34) and (21) will be solved numerically in Section 4 for some values c 1 , c 2 , c 3 , M . 
Numerical results and discussion
In this section we discuss the numerical solutions of the problems studied in CASES I, II, III-M.
CASE I-M.
We have solved problem (20) , (21) numerically by using a difference finite algorithm. The values of the parameters c 1 , c 2 , c 3 were choosen according to Guram and Smith ([17] ) and are given in Table 1 , where we also assign some values to β (i.e. β − α = −α, 0, α).
The consequent values of α, φ We see that η γ is always greater than η φ , as in the Newtonian case ( [3] ). Hence the influence of the viscosity on the velocity appears only in a layer of thickness η γ lining the boundary. We remark that the thickness of the layer affected by the viscosity is proportional to ν + ν r a and it is larger than that in the orthogonal stagnation-point flow.
From Table 1 it appears that if we fix two parameters among c 1 , c 2 , c 3 , then the values of α, φ
have the following behaviour : they increase as c 2 increases, they lower as c 1 or c 3 increases. Moreover, the influence of c 1 appears more considerable also on the other quantities quoted in the table. We have displayed some representative graphs to elucidate the trends of the functions describing the velocities. Observing φ ′′ (0), γ ′ (0) in Table 1 we notice that x s (given by (24) ) has the sign of b if β − α > 0 and the sign of − b if β − α ≤ 0. Moreover if b is positive (negative) x s increases (decreases) as β − α increases. As far as |x s | is concerned, if β − α increases from a negative value to zero, |x s | decreases and so x s approaches the origin, otherwise, as β − α increases from zero to a positive value, |x s | increases and so x s departs from the origin. The same results were also found for Newtonian fluids in [3] . Moreover from Table 1 we see that x p and x s lie on the same side of the origin, and m s m i is constant once c 1 , c 2 , c 3 are fixed. Figure 10 shows the streamlines and the points
for b a = 1 and β − α = −α, 0, α, respectively. Finally, figure 11 1 shows the behaviour of the induced magnetic field Ψ with R m = 1, that is similar to the behaviour of Ψ in CASE I (inviscid fluid), as we can see. Figure 11 
CASE II-M.
In this case the ordinary differential problem governing φ, γ, Φ, Γ is the same as in (20); we have only to compute Ψ(η), given by (29). Figure 12 shows that Ψ has a similar behaviour as in CASE II, as we can see.
CASE III-M.
We have solved the problem (34), (21) with the boundary conditions (21) by using a finite-differences method. Table 2 shows the numerical results of the quantities listed in Table 1 for the same c 1 , c 2 , c 3 , β, and choosing M = 1, 2, 5, 10.
If we fix M , we see that the considerations of CASE I-M continue to hold. As far as the dependence on M is concerned, we can see that α and Φ ′ (0) decrease and φ ′′ (0) increases as M is increased from 0, as we would expect physically. As far as the dependence of γ ′ (0) and Γ ′ (0) on M are concerned, from 2 we can see that their values increase as M increases if β − α < 0, otherwise they decrease.
In Figure 13 and for some values of β − α, i.e. β − α = −α, 0, α. In Figures 17 and 18 , we provide the behaviour of γ ′ for different M when c 1 = 0.5, c 2 = 3.0, c 3 = 0.5 and β − α is fixed. In Figure 13 In Table 2 , we also list the values of η φ , η γ beyond which φ ∼ η − α and γ ∼ η − β respectively. We note that η γ is greater than the corresponding value of η φ ; so the influence of the viscosity appears only in the region η < η γ , i.e. x 2 < ν + ν r a η γ . Further we underline that the thickness of this layer depends on M and it decreases as M increases (as easily seen in Figures 16, 17, and 18 ). This effect is normal in magnetohydrodynamics. Finally, we notice that the points x p , x s , given by (23) and by (24) , lie on the same side of 
